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Abstract 

We review the foundations of the scattering formalism for one particle potential 
scattering and discuss the generalization to the simplest case of many non interacting 
particles. We point out that the "straight path motion" of the particles, which is 
achieved in the scattering regime, is at the heart of the crossing statistics of surfaces, 
which should be thought of as detector surfaces. We sketch a proof of the relevant 
version of the many particle flux across surfaces theorem and discuss what needs to be 
proven for the foundations of scattering theory in this context. 



1 Introduction 

Quantum mechanical scattering theory is usually about the 5-matrix. The operator S maps 
the so called in-states a to out-states (3. That may seem sufficiently self explanatory as basic 
principle since 

An experimentalist generally prepares a state ... at t ^ —oo and then measures 
what this state looks like at t +oo. 

S. Weinberg in "The quantum theory of fields" .18. . Chapter 3.2: The S-Matrix 

and 

The S-matrix Sajj is the probability amplitude for the transition a — > /3 ... 

|18| Chapter 3.4: Rates and Cross Sections. 

so everything seems settled. However the quote continues 

. . . but what does this have to do with the transition rates and cross sections mea- 
sured by experimentalists ? . . . 

. . .we will give a quick and easy derivation of the main results, actually more a 
mnemonic than a derivation, with the excuse that (as far as I know) no interesting 
open problems in physics hinge on getting the fine points right regarding these 
matters. . . 

Chapter 3.4: Rates and Cross Sections. 



The mnemonic recalls that the plane waves in the S'-matrix formalism are limits of wave 
packets but it does not come to grips with the time dependent justification of the scattering 
formalism, in fact it does not connect to the empirical cross section. 

We remark aside, that apart from not making contact with the empirical cross section, 
there is another — though quite related — problem with the mnemonic, which — as is felt by 
many — can only be settled by interesting new physics: When a particle is scattered by 
a potential its wave will be spread all over. What accounts then for the fact, that a point 
particle event is registered at one and only of the detectors? Where did the particle come from 
which is suddenly manifest in that detector event? This is some facette of the measurement 
problem of orthodox quantum theory 01 13] . We shall not say more on that in this paper and 
refer to ^Hl- We emphasize however that we shall use Bohmian mechanics for a theoretical 
description of the cross section — a theory free from the conceptual problems of quantum 
mechanics. 

We immediately jump now to the technical heart of foundations of scattering theory by 
observing that 

t ±CX) 

means the mathematical limit of the formulas capturing the physical situation (see (jS)) 
below). Experimentalists prepare and measure states at large but finite times. They count 
the number of particles entering the detectors. The physical meaning of the S'-matrix de- 
rives from being the limit expression of the theoretical formula for the number count. It is 
moreover immediately clear — once this point of the finiteness of the physical situation has 
been recognized — that the times at which particles cross the detector surfaces are random. 
The detector clicks when the particle arrives. That time is random and not fixed by the 
experimenters. Thus the foundations of quantum mechanical scattering theory become slip- 
pery: No observables exist, neither for time measurements nor for position measurements at 
random times. The question is thus: What are the formulas which theoretically describe the 
empirical cross section and which result in the appropriate limit in the S'-matrix formalism? 

In this paper we shall shortly review the simple one particle potential scattering situation. 
Apart from discussing the quantum flux we shall introduce Bohmian mechanics, which allows 
to capture the theoretical foundations of scattering theory in the most straightforward way. 
We shall then extend our considerations to multi particle potential scattering and show, why 
the multi-time flux (which we shall introduce) determines the statistics in this case in terms 
of a generalized flux across surfaces theorem. The flrst paper on the flux across surfaces 
theorem jH| discusses also the multi particle flux but restricts the computation of statistics 
to the marginal statistics of one particle only, ignoring thus the most important correlations 
due to entangled wave functions. Our multi-time analysis deals specifically with entangled 
wave functions. 



2 The theoretical cross section 

We adopt conventional units in which ^ = 1 and recall that the theoretical prediction dko (^) 
for the cross section as given by S'-matrix theory is 

a,jE) = 16^^y" dLu\T{\ko\uj,ko)f. (1) 
s 

Here T = S — /, where the identity / subtracts the unscattered particles from the scattered 
beam. As to be explained below, |^ is based on a model for a beam of particles. Using 
heuristic stationary methods, Max Born 7 computed T in the first paper on quantum 
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mechanical scattering theory. We shall recall his argument shortly, since it serves on its own 
as defining a theoretical cross section. 

Consider solutions ip of the stationary Schrodinger equation with the asymptotics 

^(x) « e"=°-^ + f^iuj)^-;^ for \x\ large (2) 
\x\ 

and X = Li;|x|. In naive scattering theory the first term is regarded as representing an incom- 
ing plane wave and the second term as the outgoing scattered wave with angle-dependent 
amplitude. 

Such wave functions can be obtained as solutions of the Lippmann-Schwinger equation 

27rJ \x-y\ 

The solutions form a complete set, in the sense that an expansion in terms of these gener- 
alized eigenfunctions, a so-called generalized Fourier transformation, diagonalizes the con- 
tinuous spectral part of H. Hence the T-matrix can be expressed in terms of generalized 
eigenfunctions and one finds (cf. ^1]) that 

T{k, k') = (27r)-3 j da; e^^^-^ V{x) ij{x, k') . (4) 

Thus the iterative solution of ^ yields a perturbative expansion for T, called the Born series. 

Moreover, comparing ||2J) and ||2J), expanding the right hand side of ||2J) in powers of |a;|~^, 
we see from the leading term that 

/■"(c.) = -(27r)-i j dy e-'l^°l'^-^ V{v) ^(y, fco) • 

Thus = --47r2r(w|fco|,A:o). 

We remark, that in the so called naive scattering theory f^"{uj) is called the scattering 
amplitude since Born's ansatz offers also a heuristic way of defining a cross section. One 
simply uses the stationary solutions of Schrodinger's equation with the asymptotic behavior 
P)l to obtain the cross section from the quantum probability flux through S generated by 
the scattered wave: The incoming flux has unit density and velocity v — ko. In the outgoing 
flux generated by f'"^{uj)^—^ — the number of particles crossing an area of size x'^du) about 
an angle oj per unit of time is 

M{\f^-{u)\''/\xnx\^du:. 

Normalizing this with respect the incoming flux suggests the identification of the cross section 
with 

/ du\f^«{u:)\^ (5) 

in agreement with the above. However, such a heuristic derivation of the formula for the 
cross section, based solely on the stationary picture of a one particle plane wave function, is 
unconvincing [3]. 

3 The empirical cross section 

Consider a scattering experiment of the most naive kind where one particle is scattered by a 
potential. In Figure ^ we depict a model for such a scattering experiment, where a beam of 
identical independent particles (defining the ensemble) is shot on a target potential. 
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Figure 1: A beam of particles is created in a source far away (distance L) from the scattering center. The 
particles' waves are all independent from each other. The detectors are a distance R away from the scattering 
center. In the simplest such models, the wave functions are randomly distributed over the area A of the beam. 
The particles arrive independently at random times at random positions at the detector surfaces. a-(E) is the 
cross section, an area which when put in the incident beam is passed by an equal number of particles which 
per unit of time cross the detector surface defined by the solid angle S. The random Bohmian position of the 
particle within the support of the wave is also depicted as well as its straight Bohmian path X{t) far away 
from the scattering center. 



The scattering cross section for a potential scattering experiment is measured by the 
detection rate of particles per solid angle S divided by the flux \j \ of the incoming beam. AT 
is the total time of duration of the measurement. With N{AT, denoting the random 
number of particles crossing the surface of the detector located within the solid angle S, the 
empirical distribution is 

The empirical distribution is a random variable on the space of "initial conditions" : initial 
position of the wave packet within the beam, time of creation of wave packet, and also of the 
quantum randomness, encoded in the \ip\'^ randomness. It also depends (in fact very much 
so) on the parameters capturing the physical situation, like the distances L, R and the area 
A of the beam. The difficult part of this random variable is the dependence on the quantum 
randomness, which, as we shall show, becomes simple in the limit of large distances. We wish 
to stress, that the classical randomness (position of the wave function within the beam, time 
of creation of the wave function) which arises from the preparation of the beam and which 
in classical scattering theory is all the randomness there is, adds by virtue of the typical 
dimensions of the experiment very little to the scattering probabilities in quantum scattering 
theory (see ^U] for more on that). 

The goal of scattering theory is to predict the theoretical value of © • The value predicted 
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is or if one so wishes (O. 

What needs to be shown is thus that, in the sense of the law of large numbers, 



" hm " hm p(AT,S) = f7fe„(I]), (7) 

t^±oo AT— *oo 

where the law of large numbers (contained in limAT^oo) will have to be formulated with the 
measure on the space of the initial conditions. The "lim(^±oo" refers to large distance limits 
and limits which make the expression beam- model independent: 

" lim " = _ lim lim lim lim (8) 

t^±oo \ip(k)\^-^S(k-ko) L^oo \A\-*oo R^oo 

In particular the limit lim is taken to obtain the "local plane wave" structure (see 

R^OQ 

H13|) ) of the scattered wave, which allows for a particular simple expression for the crossing 
probability of a particle through the detector surface. For more explanations of the limits 

see uniinj. 



4 The heuristics of quantum randomness 

The random number N{AT, RT,) defining JBJ is the random sum of "independent" single 
particle contributions, i.e. it depends on the "trivial" randomness arising from the beam, 
which is simply ensuring the independence of the single detections in the ensemble for the law 
of large numbers to hold. Most importantly, however, it depends on the quantum randomness 
inherent in a single event. We shall from now on focus on the scattering of one single particle 
and forget the beam. One particle is send towards the scattering center. The question 
we must then answer is: Which detector clicks? We must answer this question for the real 
situation where the detectors are a finite distance away from the scattering center. The answer 
might be complicated but it is that answer of which one can then take the mathematical limit 
of infinite distances to obtain a simpler looking formula. 

Once this question is clear one immediately sees that this question is coarse grained, it 
already ignores that the time at which the particle is registered is random too. The funda- 
mental question is: Which detector clicks when? In other words: What is the distribution 
for the first exit time and exit position of the particle from the region defined by the detector 
surfaces (see Figure EJ. 

P^(x(rc) e dE, To e di) = ? . (9) 

Heuristically it is clear that the probability is given by the quantum flux through the 
surfaces. The quantum flux is 

j"^* = Im</?jV(^t, 

and appears in an identity — the so called quantum flux equation — that holds for any (pt being 
a solution of Schrodingers equation: 

^+divj-'=0. (10) 

Consider like in Figure0]the escape of a particle initially localized in G through a section dS 
of the boundary dG (we can but need not think of a freely evolving wave). If the surface is 
far away from the scattering region, it is very suggestive that the probability should be given 
by the flux integrated against the surface 

P'^ (X{T^) e dS, Te e dt) « lim jf" (i?, t) ■ dSdt . (11) 

|-R|^oo 
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Figure 2: Which detector cUcks when? The detection time Tc and position Xa = X{Te) are random exit 
time and exit position. 

Based on this heuristic connection the flux across surfaces theorem, which we formulate 
here in a lax manner, becomes a basic assertion in the foundations of scattering theory 
121 El El El El' By integrating the flux against the surface integral over all times, we 
ignore the time at which the particle crosses the surface and we focus merely on the direction 
in which the particle moves: 



Theorem "FAST" : Let if he a, (smooth) scattering state, then 

/"OO /• /"OO P 

lim / At j"^* ■ dS* = hm / dt \f' ■ dS\ 

(12) 

= [ dk |W^(fc)p. 

The heuristics of the FAST is easy to grasp. If we think of a freely evolving wave packet 
then its long time asymptotic (which goes hand in hand with a long distance asymptotic) is 
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Figure 3: Escape of the particle from the region G. When the boundary dG is far from the initial support 
of the wave function, the exit statistics are approximated by the flux through the surface. 

(recall A = i) 

e-**^V(^)«^'?(f) . (13) 

We call this approximation the local plane wave approximation. It corresponds to a radial 
outward pointing flux. For scattering states (p of (short range) potential scattering there 
exists a state ipout moving freely, so that 

lim ||e-'^V-e-'^°Vout|| =0 

t — >oo 

which leads to the wave operator 

W+ := s- hm e'^^e''""* 

t — >oo 

with 

Combining this with (|13|l and computing the flux for this approximation yields that the left 
hand side of H12|) equals the right hand side of (|12|l . We note that the first equality in (|12|l 
asserts, that the flux is outgoing, a condition of vital importance for its interpretation as 
crossing probability. We shall discuss its importance below. We remark, that the further 
treatment of the right hand side of H12(l is more or less standard and becomes upon averaging 
over the beam statistics essentially (QJ jjl^l^]. That is, given the FAST, the connection 
with the S'-matrix formalism is standard. The cross section is justified in the sense of the 
law of large numbers, once Hll|l is accepted. 

5 Bohmian Mechanics and the justification of ( 1111) 

The foregoing discussion is necessarily unprecise since the fundamental objects exit time 
and exit position remain undefined: There is no time dependent position of the particle 
in quantum theory defining these random variables. In Bohmian mechanics, e.g. 12], when 
the wave function is (pt, there is a particle, and the particle moves along a trajectory X{t) 
determined by the differential equation 

^Xit) ^ v^^iXit)) :^ lm^iX{t)), (14) 



7 



N+= 1,N.= 



Figure 4: Signed number of crossings of possible trajectories through the boundary of the region G. 

Its position at time t is randomly distributed according to the probability measure P"^* having 
density pt = \vt\^ ^ see [TT] . 

The continuity equation for the probability transport along the vector field v'^* (x, t) be- 
comes for the particular choice pt = \'Pt\'^ the quantum flux equation Hl()|l. which establishes 
that |</5tp is an equivariant density. 

Hence the trajectories X{t^Xo) are random trajectories, where the randomness comes 
from the P'^'-distributed random initial position Xo, with tp being the "initial" wave function. 
Having this, the escape time and position problem ^ is readily answered. Define To — 
inf{i| X{t) £ C^} and put X^ = X{Tc), then both variables are random variables on the space 
of initial positions of the particle and P'^({X|ro(X) G dt, X{Tc{X),X) G dS}) is clearly 
the exit distribution we are looking for. Note also, that we may now specify rigorously 
the probability space on which the empirical distribution (jSJ is naturally defined, and we 
furthermore have the measure, with which the law of large numbers ((TJ can be proven. 

We explain now the connection of this exit probability with the flux. Consider some 
possible exit scenarios of the particle as in Figure 0] We introduce the random variables 
number of crossings 

N{dS, dt) := N+{dS, dt) + N_{dS, dt) . 
and number of signed crossings 

N,{dS, dt) N+{dS, dt) - N_{dS, dt) , 

where N±(dS,dt) are the number of outward resp. inward crossings. Their expectations are 
readily computed in the usual statistical mechanics manner; For a crossing of dS in the time 
interval {t,t + dt) to occur, the particle has to be in a cylinder (Boltzmann collision cylinder) 
of size lu"^' • d5dt| at time t. Thus 

E'^{N{dS,dt)) = \iptf\v'^*-dS\dt=\f' -dSldt 

and 

E'^{Ns{dS,dt)) ^ j'p' -dSdt. (15) 

Under the condition that the flux is positive for all times through the boundary of G (a 
condition which needs to be proven, and which is asserted in the first equality of Hfifl) every 
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trajectory crosses the boundary of G at most once. Hence 

E'^(A^(dS', dt)) ^ E'^iNsidS, dt)) = • P'^(Te ^ dt or X, i dS) + 

1 • P'^(Xe e dS and Tc G dt) . 

In that particular situation the exit probabihty is thus 

P'^(Xe G dS* and Te G dt) = j'^' • dS* dt . (16) 

This and p2|l are at the basis of quantum mechanical scattering theory for single particle 
potential scattering. 

6 Multi-time distributions for many particles 

We extend the foregoing to the case of many particle scattering. We shall discuss some of the 
main steps, which need to be filled with rigorous mathematics in future works. For simplicity 
we consider the free case where the particles are guided by an entangled wave function, but 
they do not interact via a potential term in the Hamiltonian with each other. However, the 
following naturally generalizes to interacting particles by replacing the wave function by 
its free outgoing asymptote ipoMt = H^- While Bohmian mechanics naturally extends to 
many particles (see lfT??|l below), one sees immediately that our task of getting our hands on 
the exit statistics for many particles is nevertheless nontrivial, since every particle has its 
own exit time and position. I.e. we need to handle 

P'P(Ta) £ dt(i\x(i)(Tji)) G dS-fi^ . . . ,Tj") G dt("),x(")(Ti")) G dS*'"') . (17) 

To apply the statistical mechanics argument which we used in the last section to compute 
the crossing probability the multi-time position distribution is needed 

P'^(x(i)(t(i)) Gda;(i),...,X(")(t(")) Gda;(")) (18) 
= p(a;(i) , t(i) , . . . , , t(")) da;(i) . . . da;(") , 

which in general will not be a simple functional of the wave function. We will show that in the 
scattering regime, when the wave approaches the local plane wave structure, this multi-time 
position distribution can be computed and the exit statistics are in fact given by a particular 
multi-time flux form. To our best knowledge, this observation is new. The single-time multi 
particle flux has been used in [HI to compute exist statistics, necessarily ignoring particle 
correlations. 

For ease of notation we consider two particles with positions X, Y and wave function 
(^(x, y, t). The Bohmian law of motion is 



X(<) = i;f(X(t),r(t))=Im 



(p{x,y,t) 
VyLp{x,y,t) 



(p{x,y,t) 

idt(p{x,y,t) = -^(Aa; -I- Ay)(p{x,y,t). 



x=X{t),y=Yit) 



x=X{t),v=Y(t) 



(19) 



(20) 



(21) 



With H = Hx + Hy = — i (Aa; -I- Aj,) we can easily produce a two times wave function by 
the appropriate action of the single particle Hamiltonians through 



(p{x,t,y,s) := (c" 



"Vo)(a:,y) 



(22) 
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which reduces to the usual single-time wave function for t — s, because the Hamiltonians 
and Hy commute. Hence one could as well include single particle potentials into and Hy. 
While the definition of ip{x,t,y, s) seems very natural at first sight, note that the physical 
meaning of t, y, s)p is not at all obvious. To get our hands on this question, let 

Mx,y) = ($-(a;,y),$^(x,y)) = {Xit,x,y),Y{t,x,y)) 

be the Bohmian flow along the vector field given by (|19|l transporting the initial values x,y 
along the Bohmian trajectories to values at time t and let 

^tAx,y) - {<fnx.y),<^^ix,y)) = {Xit,x,y),Y{s,x,y)) 

be the two times Bohmian flow. Observe that 

dt'^>tA^,y) = {dt<^n^:y),o)^{vAM^,y)):0) (23) 

ds^tA^,y) = {0,ds^U^,y)) ^ {0,v^s{^s{x,y))) . (24) 

^From the definition of the multi-time wave function (|22|l it follows in the same way as 
in the single-time case that 

dt\(p{x,t,y,s)\^ = -V:e •Im(v5(a;,i,2/,s)*V:E(^(a::,t, y, s)) 

ds\(p{x,t,y,s)\'^ = -"^y ■'^ni{Lp(x,t,y,s)*Vy(f{x,t,y,s)) , (25) 

which leads us to define a multi-time velocity field: 

if (p{x, t, y,s) ^ Q and vf ^(a;, y) = if ^p{x, t, y,s) = and analogously for vf ^{x, y). 

We show now, that under certain conditions there exists a two times continuity equation 
for a two times density p(x, t, y, s). We start with the definition, setting p{x, 0, y, 0) = p(x, y), 

w(^f{X{t),Y{s))) = I dxdyf{<i>tAx,y))p{x,y) 

dxdy f{x,y)p{x,t,y,s) , (27) 



where / varies in a suitable class of test functions. Next differentiate the equation with 
respect to t respectively s. This yields in the second equality 



dt I dxdy f{<!>t,six,y))p{x,y) 

dxdy V(i)/($t,,(x, y)) ■ {^t{x, y))p{x, y) 

dxdy f{x,y)dtp{x,t,y,s) , (28) 



and similarly for differentiation with respect to s. Here V(i) denotes the gradient with respect 
to the first argument. If the following "multi-time independence" condition 

vt{'^t{x,y)) - vl,{<^^{x,y),<i>y{x,y)) 

(29) 

«r($*(x,y)) = vl{<S>nx,yl'^lix,y)) 
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is satisfied, we can replace ($4(0;, y)) , y)) in (^5)1 by 

Using definition H27|) followed by partial integration yields for the second integral in H28|) 
dxdy V(i)/($t,s(x, y)) • < ($t(a;, y))p{x, y) 

dxdyV(i)/($t,,(x,y)) • ($t,,(x, y))p(x, y) 

■d„„v,„/(.,„)^<.(.,.).(...,..,) 
-/d.d./(.,„)v,^«.(..,W.,,,.,.,), 



EHl 



^From this and H28|l we may conclude, repeating the same for the s-differentiation, the two 
times continuity equation 

dtp{x,t,y,s) = -Wa: ■ {vlJx,y)p{x,t,y,s)) 

dsp{x,t,y,s) = -Vy-{v\,.{x,y)p{x,t,y,s)). (30) 

Comparing this with (|25|l we see that p{x,t,y, s) = \Lp{x,t,y, s)\'^ is equivariant. All this 
depends crucially on the "multi-time independence" condition (|29|l . It is easy to see that the 
condition is satisfied if the wave function is a product wave function. But that is uninteresting. 
The condition can be expected to be also approximately satisfied when the wave function 
attains the local plane wave structure 

V9(x,i,y,s) « — 3 (31) 

of an outgoing scattering state at large times (see next section). In this case the trajectories 
are approximately straight lines and the velocity of particle X does not change if particle Y is 
moved along its straight path and vice versa. We remark that the local plane wave structure 
is preserved under multi-time evolution (as it is preserved under single time evolution). Thus 
in the scattering regime condition H29|) holds true and we conclude that in this regime the two- 
times wave function (|22|l yields the two-times joint distribution p{x,t,y, s) = \ip{x,t,y, s)]"^ 
for the positions of the two particles. Hence, approximately, we have that 

P'^(X(i) e Aland r(s) e A2) w / dx / dy |(^(x,t,y,s)p . 

Moreover we have in that regime single crossings only. We can thus compute the exit 
statistics in the scattering regime like before (the Boltzmann collision cylinder argument) but 
now using the two times density \(p{x,t,y, s)\'^ and the approximate straight path velocities 

vl,{x,y)^j ,vlix,y)^y (32) 
t ' s 

This way one obtains 

P'^iT^ e dt, ry e ds, x{T^) e d5^, r(T,^) e dsy) (33) 
« \H^J^)n^-ds^){l-dsy)dtds 

«: f'P{x,t,y,s) ■ {dS'= (S)dSy)dtds, 
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where the two-times "straight paths" flux form j'^^{x, t, y, s) is the straight path approxima- 
tion to the muhi-timc flux form 



It is remarkable and relevant for its meaning in the foundations of scattering theory that 
this unmeasured Bohmian joint probability is in this particular situation the same as the 
measured probability, which is in general not true for joint probabilities Measurements 
lead — in the language of orthodox quantum theory — to a collapse of the wave function, which 
in the local plane wave approximation however does not have any effect on the trajectory 
of the other particles. In the two particles case the collapse (due to the detection of one 
particle) picks out simply the rightly correlated pair, which in fact can be EPR correlated 
pairs. 

The A^-particle multi-time flux H84(l as well as the TV-particle single time flux have taken 
alone no signiflcance for the description of scattering (in contrast to the one particle situation) , 
while the crossing probabilities (|33|l of course do. We shall in the next section compute the 
value of the right hand side of 1)33(1 . which is the usual scattering into cones (in momentum 
space) formula. 

7 The exit statistics theorem for N particles 

We abbreviate the joint exit time-exit position distribution for N particles through a sphere 
of radius R as 



where we recall that T„o is the first exit time of the nth particle through the sphere and dSn 
an infinitesimal surface element on this sphere. Neglecting the possibility of clustering, the 
generalization of the flux-across surfaces theorem of potential scattering then becomes the 
following conjecture. 

Exit Statistics Theorem: Let ip be a (smooth) scattering state of an N-body Hamiltonian 
H at time t = 0, then for any —oo < T < oo 



j{x,t,y,s) := \(p{x,t,y,s)\'^ vl^{x,y) (g) vl^{x,y) . 



(34) 



Ff{dti...dtN dSi...dSN) 

F'^(Xi(rie) e d5i,rie e dti, . . .,XN{TNe) e dS^TNc e dt^) , 




lim 




■{dSi ® .. ® d5jv) 




(35) 



Recall that ipout = W^(p and that 



'Pout{ti, ■ ■ ■ , tN) = e' 



. . . gi^^xjvtw 



font 



evolves according to the free multi-time evolution. 
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The theorem provides a precise connection between the joint distribution of the measured 
exit positions of N scattered particles (the first expression in (|35|l ) and the empirical formula 
for this quantity in terms of the Fourier transform of the outgoing wave (the last expression 
in (|35|l ). A rigorous proof of this connection seems to involve necessarily a multi-time for- 
mulation of the quantum mechanics in the scattering regime in the sense of the intermediate 
expression in H35|l . Notice that the first equality in H35() is, as discussed in the previous section, 
the highly nontrivial part to prove. More precisely, one needs to establish (|33|l rigorously and 
with error estimates which are integrable in the sense of 1)35(1 . The second equality in ((35|l 
is an easy computation, with which we shall conclude the paper. We shall first remind the 
reader of the local plane wave structure which approximates the scattering state and which 
is presumably crucial for the proof of the theorem. 

Since |^out(fc)| is invariant under the free time-evolution we can choose without loss 
of generality T > 1. To shorten notation lets introduce the configuration variables x = 
{xi, . . . , xn) and t = (ii, . . . , tj\j). Then 

^out(S,i) = (e'^-*^---e'^^«*")^out(x) 

= / dyi--- dyN , . (foutivi, ■ ■ ■ ,yN) , 

Jr3 Jm.3 (27riii)2 (27ritAr)2 

where here and in the following (ySout without a time-argument means always ipout{t — 0). 
Expanding every factor in the integrand as 



1 



one obtains 



^out[x, t) = ■ ■ ■ -3- (font -I- Rix, t) , (36) 

where every term in the sum R has at least one factor of the form 

-2t;r - 1 



in the integrand. Under appropriate assumptions on c/Jout it is now easy to get estimates on 
the remainder term R(x,t) for large tn by stationary phase methods. For details we refer to 
|12|. In particular the remainder term does not contribute to the time integrals in (|35() . 
Neglecting R we obtain from H36|l for the nth component of the velocity 

^"W^f^ + f..n ^""'°";(^ f . (37) 

of which wc only need the first term (the straight path velocity) and for the density 



\ipout{x,t)\^ 



1-1 '■AT 



Xi Xn 



Using Xn ■ dSn = \xn \R^dujn ~ R^dujn, where duj denotes Lebesgue measure on the unit 
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sphere S'^ C K."^, wc now conclude with the computation of the second equahty of (|35|l : 



R^oo 



hm / Ati 



N 



RT.I J RT. 



dtN 

T JRT.1 JRSi, 



.dS" 



^out 



( Ru)\ Rlun 
V ti ' ' ■ ' ' t]v 



ft . . .ft 



N) 



-R 



3N 



duji ■ ■ ■ dcu^ 



R^oo 



Hm / d|fci 



d|fcjv| / • • • / |^out(fci, ■ • ■ , few)! 

|/cip • ■ • l/cATp diOi ■ ■ ■ dojN 



dkf- 



dfc^ |^out(fcl, ■ • • j^At) 



In the above computation we substituted kn — j^, which, in particular, gives di„ = 
-tlR-^d\kn\ and R/tn = |fc„|. 

8 Conclusion 

For the first time we formulate the connection between the joint distribution of the measured 
exit positions of scattered particles and the empirical formula for this quantity in terms 
of the Fourier transform of the outgoing wave. While in the case of potential scattering for 
a single particle the distribution of the measured exit position can be formulated, at least 
heuristically, in terms of the quantum flux, this is no longer true for the joint distribution of TV 
particles. In the case of N particle scattering even the definition of the relevant distribution is 
not possible within orthodox quantum mechanics. Therefore wc use the Bohmian trajectories 
of the particles to define the distribution of exit positions and times. The flux-across-surfaces 
theorem for N particles then connects this fundamental joint distribution with the empirical 
formulas of quantum mechanics. While a completely rigorous proof of the flux-across-surfaces 
theorem for N particles seems a challenging task, we sketched a possible argument and showed 
that a multi-time formulation of the quantum mechanics in the scattering regime should play 
a crucial role in this program. 
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